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Abstract
In this paper, we discuss the implementation of a cell based smoothed finite element
method (CSFEM) within the commercial finite element software Abaqus. The salient
feature of the CSFEM is that it does not require an explicit form of the derivative of
the shape functions and there is no isoparametric mapping. This implementation is
accomplished by employing the user element subroutine (UEL) feature of the software.
The details on the input data format together with the proposed user element subrou-
tine, which forms the core of the finite element analysis are given. A few benchmark
problems from linear elastostatics in both two and three dimensions are solved to vali-
date the proposed implementation. The developed UELs and the associated input files
can be downloaded from https://github.com/nsundar/SFEM in Abaqus.
Keywords: Smoothed finite element method (SFEM), Polygonal finite element,
Abaqus UEL, Cell-based SFEM, polyhedra, Wachspress interpolants.
1. Introduction
The finite element method (FEM) is probably the most popular technique to nu-
merically solve partial and ordinary differential equations in science and engineering.
This popularity is due to the flexibility the method provides in treating complex ge-
ometries and boundary conditions. The method involves discretizing the domain into
several non-overlapping regions called the elements that are connected together by a
topological map called a mesh. Conventional finite elements are generally restricted to
simplex elements, viz., triangles and quadrilaterals in two dimensions and tetrahedra
and polyhedra in three dimensions with a local polynomial representation used for the
unknown field variables within each element. Despite its popularity, the FEM with sim-
plex elements faces the following challenges: (a) the accuracy of the solution depends
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on the quality of the element[1], i.e., the results are sensitive to mesh distortion and (b)
requires sophisticated discretization techniques to generate high quality meshes and to
capture topological changes.
To alleviate some of the aforementioned challenges, recent research has been focused
on alternative approaches, viz., meshfree methods [2–6], partition of unity methods
(PUM) [7–11], strain smoothing techniques [12, 13] and polygonal finite element method
(PFEM) [14–17]. The meshfree methods does not have a priori topology which makes
it suitable for large deformation problems and moving boundary problems [18–20].
The PUMs relaxes the meshing constraint by allowing the geometric features to be
represented independent of the underlying FE discretization, whilst PFEM relaxes the
meshing constraint by allowing elements to take arbitrary shapes [21].
On the other front, the strain smoothing technique improves the quality of the
FE solution by computing a modified strain field which is a weighted average of the
compatible FE strain field [12]. Inspired by the application of the strain smoothing
to meshfree methods [22], Liu and co-workers [12] introduced the technique within
the FEM and coined the method, ‘smoothed finite element method (SFEM)’. In this
method, the modified strain is written over the smoothing domain. The method can also
be seen as dividing the domain into smoothing cells, however, from a practical point of
view, it is computationally less expensive when using the existing mesh data structure
to generate the smoothing domain. It has been shown theoretically and numerically
that the SFEM is more accurate than the conventional FEM [23].
Liu et al. [24] formulated a series of SFEM models based on the choice of smooth-
ing domain, viz., cell-based SFEM (CSFEM) [12], node based SFEM (NSFEM) [25],
edge-based SFEM (ESFEM) [26], face-based SFEM (FSFEM) [27], αFEM [28] and
βFEM [29]. Figure 1 shows a schematic various strain smoothing techniques in two
dimensions. The common feature of these SFEM models are that all these models use
finite element meshes with linear interpolants, except for the CSFEM. The choice of
smoothing technique controls the assumed strain field and thus yielding accurate and
stable results [30]. Recently, the CSFEM has been applied to arbitrary polygons and
polyhedra [14]. An interesting feature of using polygons and polyhedra together with
the strain smoothing technique is the following. The nodal strain is computed through
the divergence of a spatial average of the standard local strain field. This aspect of the
technique allows reduces the integration space by an order. Consequently, the stiffness
matrix is computed on the boundaries of the smoothing elements instead of the whole
domain.
Recently, the SFEM has also been incorporated into the PUM [31–34] and PFEM [35].
Liu and co-workers [36, 37] have applied the ESFEM to solve problems involving strong
discontinuities with varying orders of singularity. While these methods exist as stand-
alone codes, they have not yet formed a part of a commercial software and this aspect
restricts the use of the method to a specific community or laboratory. Therefore, in
this work we implement the technique within the commercial finite element software
Abaqus and provide the details so that other researchers can easily extend this work for
more specific or general cases. The procedures that can be used by practicing engineers
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Figure 1: Schematic representation of the smoothing cells Ωc over triangular elements for the cell-
based, edge-based and node-based smoothing technique. The ‘shaded’ region is the smoothing cell,
over which the smoothed strains are computed from the compatible strain field.
who are familiar with Abaqus can get benefited with the capabilities of the SFEM. For
the sake of simplicity, we choose the most commonly used smoothing technique, the
cell based SFEM (CSFEM).
Although the method is general the implementation aspects of the SFEM are ap-
plied to two and three dimensional elasticity to demonstrate the technique. Particular
emphasis is placed on the input data format and the subroutines that implement the
smoothing technique. The method will be implemented over polytopes to demonstrate
the accuracy and the robustness of the smoothing technique when compared to the
conventional FEM.
The remainder of the manuscript is organized as follows. The next section presents
the governing equations for elastostatics and the corresponding weak form. Section
3 presents an overview of the cell based smoothing technique over arbitrary polygons
and polyhedra. The Abaqus UEL implementation is discussed in Section 4. Section 5
presents a detailed convergence study by comparing the accuracy and the convergence
rates with the conventional FEM for a few benchmark problems in two and three
dimensional linear elastostatics, followed by concluding remarks in the last section.
2. Governing equations and weak form for linear elastostatics
In this section, the governing equations for linear elastostatics are first presented,
followed by the corresponding weak form. Let us consider an isotropic linear elastic
body in d ({= 2, 3}) dimensional Euclidean space, IRd, whose material point is given
by x =
∑
xIeI , where eI are the vectors of a chosen basis. Let Ω ⊂ IRd represent the
3
body with domain boundary Γ ≡ ∂Ω consisting of Dirichlet boundary Γu and Neumann
boundary Γt, such that Γ = Γu ∪ Γt, ∅ = Γu ∩ Γt and the outward normal to Γ is n.
Then, the strong form of the boundary value problem is: given the body force b, the
Cauchy stress tensor σ and the prescribed displacement u¯ and the traction t¯, find the
displacement field u : Ω¯ → IRd such that
∇ · σ + b = 0 in Ω,
u = u¯ on Γu,
σ · n = t¯ on Γt, (1)
Let U (Ω) =
{
u : Ω → IRd|uI ∈ H1(Ω), I = 1, · · · , d, u = u¯ on Γu
}
be the displace-
ment trial and V (Ω) =
{
v : Ω → IRd|vI ∈ H1(Ω), I = 1, · · · , d, v = 0 on Γu
}
be the
test function spaces, where H1 denotes the Hilbert-Sobolev first order space. The re-
sulting weak form can be written as: find u ∈ U such that:
a(u,v) = ℓ(v) ∀v ∈ V (2)
where the bilinear and linear forms are defined as follows:
a(u,v) =
∫
Ω
σ(u) : ε(v) dΩ,
ℓ(v) =
∫
Ω
b · v dΩ +
∫
Γt
t¯ · v dΓ, (3)
where ε = 1
2
[∇u+∇uT] is the small strain tensor. In the following, it is assumed
that the arbitrary domain is partitioned into nel finite elements defined as w¯I such that
Ω ≡ int(∪nelI=1w¯I) and w¯I ∩ w¯J = ∅, ∀I 6= J . For the discretization of the weak form (see
Equation (2)), let the set U h ⊂ H1(Ω) consist of polynomial interpolation functions of
the following form:
uh =
nel∑
e=1
φeue
vh =
nel∑
e=1
φeve (4)
where φe denote the finite element shape functions. Upon substituting Equation (4)
into Equation (2), the following discrete weak form is obtained, which consists of finding
uh ∈ U h such that
a(uh,vh) = ℓ(vh) ∀vh ∈ V h, (5)
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which leads to the following system of linear equations:
Ku = f , (6a)
K =
∑
h
Kh =
∑
h
∫
Ωh
BTDB dΩ, (6b)
f =
∑
h
fh =
∑
h
(∫
Ωh
φTb dΩ +
∫
Γh
t
φTt¯ dΓ
)
, (6c)
where K is the global stiffness matrix, f is the global nodal force vector, u the global
vector of nodal displacements, φ is the matrix of finite element shape functions, D is
the constitutive relation matrix for an isotropic linear elastic material, and B =∇φ is
the strain-displacement matrix that is computed using the derivatives of the shape func-
tions. In the conventional FEM, the shape functions, φe are defined over the standard
element and by invoking the isoparametric formulation, the integrals in Equation (6a)
are evaluated using numerical integration.
In this paper, we discretize the domain with arbitrary polygons and polyhedra in
two and three dimensions, respectively. While there are different ways to represent the
shape functions over arbitrary polytopes [38]. we choose the Wachspress interpolants
to describe the unknown fields [39]. These functions are rational polynomials and the
construction of the coordinates is as follows: Let P ⊂ IR3 be a simple convex polyhedron
with facets F and vertices V . For each facet f ∈ F , let nf be the unit outward normal
and for any x ∈ P , let hf(x) denote the perpendicular distance of x to f , which is given
by
hf(x) = (v − x) · nf (7)
for any vertex v ∈ V that belongs to f . For each vertex v ∈ V , let f1, f2, f3 be the
three faces incident to v and for x ∈ P , let
wv(x) =
det(nf1 ,nf2,nf3)
hf1(x)hf2(x)hf3(x)
(8)
with a condition that the ordering of f1, f2, f3 be anticlockwise around the vertex v when
seen from outside P . Then the barycentric coordinates for x ∈ P is given by [40, 41]:
φv(x) =
wv(x)∑
u∈V
wu(x)
. (9)
The Wachspress shape functions are the lowest order shape functions that satisfy
boundedness, linearity and linear consistency on convex polytopes [40, 41]
3. Overview of the smoothed finite element method
In the strain smoothing technique, the compatible strains in the FEM are no longer
used to compute the terms in the stiffness matrix. Instead, the integration related to
5
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Figure 2: Barycentric coordinates: Wachspress basis function
the computation of stiffness matrix is based on the smoothing domain and hence no
longer associated with the elements.
Within the SFEM framework, the discrete modified strain field ε˜hij that yields the
modified strain-displacement matrix (B˜) which is then used to build the stiffness matrix
is related to the compatible strain field εhij by:
ε˜hij(x) =
∫
Ωh
C
εhij(x) q(x)dΩ (10)
where q(x) is the smoothing function and ΩhC is the sub-cell. On writing Equation (10)
at the basis functions derivative level and invoking Gauss-Ostrogradsky theorem, we
get: ∫
Ωh
C
φI,x q(x) dΩ =
∫
Γh
C
φI q(x)nj dΓ −
∫
Ωh
C
φI q,x(x) dΩ (11)
There are several choices for this q(x). For simplicity, q(x) satisfies the following
properties:
q ≥ 0 &
∫
Ωh
q(x)dΩ = 1 (12)
In this work, the weighting function, q(x) is chosen to be a constant, i.e, q(x) = 1
for simplicity. For q(x) = 1, the modified strains computed using Equation (11) are
constant within the smoothing domain. The Wachspress interpolants are used in this
formulation.
In the CSFEM, the local smoothing domain is constructed by sub-dividing the
physical element into number of subcells. A subcell for an element is constructed by
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identifying the centroid2 of the element and connecting the vertices of the polygon/poly-
hedra with the geometric center of the element. Figures 3 shows the subcells within a
polygon and a polyhedra.
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Figure 3: Schematic representation of the smoothing cells over two and three dimensional polygonal
element. In this study, we employ triangular and tetrahedral subcells, in two and in three dimensions,
respectively.
Over each subcell, Equation (11) is evaluated numerically to get the modified strain-
displacement matrix. The stiffness matrix computed as for the CSFEM is:
K˜ =
nel∑
I=1
K˜h =
nel∑
I=1
∫
Ωe
B˜
T
DB˜ dΩ, (13)
where B˜ is the modified strain-displacement matrix. For the chosen smoothing function,
the derivative of the function vanishes within the subcell and one integration point (i.e
centroid of the smoothing cell Ωc denoted by a) is sufficient to compute the modified
strain-displacement matrix and the corresponding smoothed elemental stiffness matrix.
2Here we use the geometric centre of the element.
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Upon substituting the smoothing function, q(x) = 1 in Equation (11), the terms in
the modified strain-displacement matrix can be computed by:
φa,i =
1
Ac
∫
Γh
C
φa(x)ni dΓ (14)
where i = x, y for two dimensions and i = x, y, z for three dimensions, ni are the
unit normals to the edge and face in two and three dimensions, respectively and Ac
is the area and volume of the subcell in two and three dimensions respectively. The
above equation for a polygon of n sides, gives the following expression for the modified
strain-displacement matrix evaluated at the interior Gauss point:
B˜ =
[
B˜1 B˜2 · · · B˜n
]
, (15)
where the nodal matrix is
B˜a =
1
Ac
∫
Γh
C

 nx(x) 00 ny(x)
ny(x) nx(x)

φa(x)dΓ (16)
for two dimensions and
B˜a =
1
Ac
∫
Γh
C


nx(x) 0 0
0 ny(x) 0
0 0 nz(x)
ny(x) nx(x) 0
0 nz(x) ny(x)
nz(x) 0 nx(x)


φa(x)dΓ (17)
for three dimensions. From the above equations, it is clear that only the shape functions
are involved in calculating the terms in the stiffness matrix. To evaluate the surface
integrals in Equation (17), we employ the conforming interpolant quadrature technique.
4. Abaqus UEL implementation:
In this section, we describe the major steps involved in the implementation of UEL
for the CSFEM in Abaqus. We focus on the subroutines and the input files which go
with it. Through UEL, the stiffness and the residual contributions of an element to the
system as stated in the Abaqus manual [42] are provided. The Abaqus solver can be
invoked by the command:
abaqus job=<inp file name >user=<fortran file name>.
Figure 4 depicts the three steps involved in the implementation of the smoothing tech-
nique within the Abaqus. The first stage is the pre-processing, where a MATLAB
routine is used to generate the arbitrary polygonal and polyhedra meshes and the
8
Figure 4: Schematic illustrating the overall process involved in the implementation of the CSFEM
within Abaqus.
Abaqus input file. The second stage involves the core of the implementation, where
the strain smoothing is implemented in UEL. As Abaqus CAE does not support post-
processing of unconventional elements without significant modifications, a MATLAB
script by Abaqus2matlab tool [43] is used to extract results and compute necessary
error norms.
4.1. Structure of the input file
The Abaqus input file contains the following information: nodal coordinates, ele-
ment connectivity, material properties (Young’s modulus and Poisson’s ratio), boundary
conditions and the solution procedure to be used. The boundary conditions and the
solution procedures are specified following the standard procedure used in Abaqus Stan-
dard . A new user element in Abaqus is defined through a key word *User Element , the
arguments to which are (in sequence):
• the number of nodes (n for polygonal element having n sides).
• user assigned unique label starting with ‘U’ followed by an integer. In the present
implementation, the integer is tagged to the number of nodes of the element.
• number of properties associated with the element (in this case E and ν).
• the number of degrees of freedom per node (2 for 2D and 3 for 3D).
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Figure 5: A sample polygonal finite element mesh used for CSFEM. The CSFEM implementation
requires only nodal coordinates and element connectivity.
In the case of CSFEM, arbitrary polygonal elements are used and hence the elements
having same attributes (i.e., number of nodes) are grouped together with a unique label
in the input file (see Listing 1). For a sample mesh shown in Figure 5, element 1 is
tagged with label ‘U5’ and elements 2 and 3 are grouped together with a label ‘U4’.
The corresponding element connectivity is given after the keyword ’*Element ’.
∗User e lement , nodes=5, type=U5 , p r o p e r t i e s =2, c o o r d i n a t e s=2
1 ,2
∗Element , type=U5 , ELSET=f i v e
1 , 1 , 2 , 8 , 5 , 4
∗UEL Proper ty , ELSET=f i v e
3 . 0 e+07 , 0 .30
∗User e lement , nodes=4, type=U4 , p r o p e r t i e s =2, c o o r d i n a t e s=2
1 ,2
∗Element , type=U4 , ELSET=fou r
2 , 2 , 3 , 7 , 8
3 , 8 , 7 , 6 , 5
∗UEL Proper ty , ELSET=fou r
3 . 0 e+07 , 0 .30
Listing 1: User element definition for arbitrary polygons (c.f. Figure 5)
4.2. User element details
The UEL for implementing the CSFEM is written in FORTRAN90. The UEL starts
with the name of the subroutine with the list of arguments in the parentheses (see
Listing 2). The most important inputs to be provided through the UEL are RHS and
AMATRX. Through RHS, the residual force contribution for each element is provided to
the solver. AMATRX represents the element stiffness (or more generally the Jacobian)
matrix as given by Equation (13), where the strain-displacement matrix for CSFEM is
given by Equation (15). The Abaqus solver constructs the global stiffness matrix by
10
calling the UEL for each element based on the connectivity information provided in the
input file.
subrout ine u e l ( rhs , amatrx , s va r s , energy , ndo f e l , nrhs , n s va r s ,
1 props , nprops , coords , mcrd , nnode , u , du , v , a , j t ype , t ime , dt ime ,
2 ks tep , k inc , j e l em , params , nd load , j d l t y p , adlmag , p r ede f ,
3 npred f , l f l a g s , mlvarx , ddlmag , mdload , pnewdt , j p rop s , n jp rop ,
4 p e r i o d )
!
inc lude ’ aba param . i n c ’
!
dimension r h s ( mlvarx , ∗ ) , amatrx ( ndo f e l , n d o f e l ) ,
1 s v a r s ( n s v a r s ) , ene rg y ( 8 ) , p rops (∗ ) , c oo rd s (mcrd , nnode ) ,
2 u ( n d o f e l ) , du ( mlvarx , ∗ ) , v ( n d o f e l ) , a ( n d o f e l ) , t ime ( 2 ) ,
3 params ( 3 ) , j d l t y p (mdload , ∗ ) , adlmag (mdload , ∗ ) ,
4 ddlmag (mdload , ∗ ) , p r e d e f (2 , npred f , nnode ) , l f l a g s (∗ ) ,
5 j p r o p s (∗ )
! ∗ v a r i a b l e s f o r CSFEM∗
! ∗ get the no rma l s o f the f a c e s
c a l l getun i tno rm ( ncoord , . . . , g )
! l o op ove r the f a c e s to get the smoothed d e r i v a t i v e s
! Th i s i s computed by emp loy ing Equat ion 17
! f o r two d imens i on s and Equat ion 18 f o r t h r e e d imen s i on s
c a l l g e t smo o t h d e r i v a t i v e ( ncoord , . . . , dNdz )
! f o rma t i on o f s t i f f n e s s (AMATRX) and r e s i d u a l (RHS) mat r i x
end
subrout ine getun i tno rm ( anodef , . . . , ag )
. . .
end subrout ine getun i tno rm
subrout ine g e t smo o t h d e r i v a t i v e ( ncoord , . . . , dNdz )
. . .
end subrout ine g e t smo o t h d e r i v a t i v e
Listing 2: Snippet of the user element subroutine
5. Numerical Examples
The convergence properties and the accuracy of the CSFEM applied to arbitrary
polytopes have been studied in detail in the literature [12, 44, 45]. The main objective
of this section is to validate the implementation by solving a few benchmark problems
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in linear elastostatics. It is noted that readers can utilize the UEL subroutine to their
specific applications with minimal modifications. For all the numerical examples, the
domain is discretized with arbitrary polytopes. The two dimensional polygonal meshes
are generated by using the built-in MATLAB function voronoin and the MATLAB
functions in Polytop [21]. For three dimensional problems, the Polytop function is
extended to generate the polyhedra meshes.
For validation, the results from the CSFEM are compared with the corresponding
regular FEM. The accuracy and the convergence rate are analyzed for different methods
using the relative error norms in the displacement and the energy as given by
Displacement norm:
||u− uh||L2(Ω) =
√∫
Ω
(u− uh)T(u− uh) dΩ
√∫
Ω
uTu dΩ
, (18)
Energy norm:
||ε− εh||H1(Ω) =
√∫
Ω
(ε− εh)TD(ε− εh) dΩ
√∫
Ω
εTDε dΩ
, (19)
where u, ε are the analytical or reference solutions and uh, εh are the corresponding
numerical solutions. The following convention is employed whilst discussing the results:
• PFEM-nd - polygonal finite element method. Here the numerical integration is
performed by sub-triangulation method.
• CSFEM-nd- cell based SFEM over arbitrary polytopes.
where n = 2, 3 represents the dimensionality of the problem.
5.1. Two dimensional Cantilever beam subjected to end shear
Consider a cantilever beam of length L = 8 m, height D = 4 m subjected to a
parabolic shear load, P = 250 N at the free end (see Figure 6(a)). The beam has the
following material properties: Young’s modulus, E = 3 × 107 Pa and Poisson’s ratio,
ν = 0.3. The exact solution for this problem is given by [46]:
u(x, y) =
Py
6EI
[
(6L− 3x)x+ (2 + ν)
(
y2 − D
2
4
)]
v(x, y) = − P
6EI
[
3νy2(L− x) + (4 + 5ν)D
2x
4
+ (3L− x)x2
]
(20)
where I = D3/12 is the moment of inertia and a state of plane stress is considered.
The domain is discretized with arbitrary polygonal elements. A representative finite
12
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Figure 6: (a) Cantilever beam: Geometry and boundary conditions and (b) discretization of the domain
with polygonal elements.
element mesh is shown in Figure 6(b). The convergence of the relative error in the
displacement and the energy norm with mesh refinement are shown in Figure 7 for both
the approaches. It is observed that all the methods converge to analytical solution with
mesh refinement with optimal convergence rate.
5.2. Infinite plate with a circular hole subjected to far field tension
Next, consider an infinite plate with a traction free hole subjected to a far field
uniformly distributed normal stress (σ = 1 Pa) acting along the x-axis. A state of
plane stress is assumed and the plate has the following material properties: Young’s
modulus, E = 1000 Pa, Poisson’s ratio, ν = 0.3. The exact solution of the stresses in
13
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Figure 7: Convergence rate for the relative error in the L2 norm and the H1 semi-norm with mesh
refinement for a two-dimensional cantilever beam subjected to end shear
.
polar coordinates are given by [46]:
σ11(r, θ) = 1− a
2
r2
(
3
2
(cos 2θ + cos 4θ)
)
+
3a4
2r4
cos 4θ
σ22(r, θ) = −a
2
r2
(
1
2
(cos 2θ − cos 4θ)
)
− 3a
4
2r4
cos 4θ
σ12(r, θ) = −a
2
r2
(
1
2
(sin 2θ + sin 4θ)
)
+
3a4
2r4
sin 4θ (21)
and the displacements are:
ur =
r
2E
(
[1 +
a2
r2
] + [1− a
4
r4
+ 4
a2
r2
] cos 2θ + ν[1 − a
2
42
]− ν[1− a
4
r4
] cos 2θ
)
,
uθ =
r
2E
(
[1 +
a4
r4
+ 2
a2
r2
] + ν[1 +
a4
r4
− 2a
2
42
] sin 2θ
)
, (22)
where a is the radius of the hole. Due to symmetry, only one quarter of the geometry
is modelled as shown in Figure 8(a). One of the FE meshes is shown in Figure 8(b),
i.e., the discretization with polygonal elements. Analytical solutions are applied on the
boundary of the domain and the convergence of the displacements and the stresses are
14
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Figure 8: (a) Infinite plate with a hole: Geometry and boundary conditions and (b) representative
finite element discretization: 200 polygonal elements.
studied. Figure 9 shows the convergence of the relative error in both the displacement
and the energy norm with reducing mesh size. It is opined that with mesh refinement
all the techniques asymptotically converge to reference solution and that the CSFEM
yield slightly accurate results. It is noted that the CSFEM requires fewer integration
points when compared to the conventional polygonal FEM.
5.3. Cube subjected to body load
Next, the accuracy and the convergence properties of the polyhedral finite element
using CSFEM and the conventional polyhedral finite element method is compared and
demonstrated. Consider a cube occupying Ω¯ =
{
(x, y, z) : 0 ≤ x ≤ 1,−1 ≤ y ≤ 1, 0 ≤
z ≤ 1}. The boundary of the cube is subjected to the following displacements:
uˆvˆ
wˆ

 =

 0.1 + 0.2x+ 0.2y + 0.1z + 0.15x2 + 0.2y2 + 0.1z2 + 0.15xy + 0.1yz + 0.1zx0.15 + 0.1x+ 0.1y + 0.2z + 0.2x62 + 0.15y2 + 0.1z2 + 0.2xy + 0.1yz + 0.2zx
0.15 + 0.15x+ 0.2y + 0.1z + 0.15x2 + 0.1y2 + 0.2z2 + 0.1xy + 0.2yz + 0.15zx


(23)
and the domain is subjected to the following body force:
b =

−0.3C(1, 1)− 0.2C(1, 2)− 0.15C(1, 3)− 0.6C(4, 4)− 0.35C(6, 6)−0.15C(1, 2)− 0.3C(2, 2)− 0.2C(2, 3)− 0.55C(4, 4)− 0.4C(5, 5)
0.1C(1, 3)− 0.1C(2, 3)− 0.4C(3, 3)− 0.3C(5, 5)− 0.4C(6, 6)

 (24)
where C is the material matrix. The exact solution to Equation (1) is u = uˆ in the
presence of the prescribed body forces. The domain is discretized with polyhedral finite
elements for in this study as shown in Figure 10. Figure 11 shows the convergence of
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Figure 9: Convergence of the relative error in the L2 norm and the H1 seminorm with mesh refinement
for a plate with a hole.
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the error in the L2 norm and H1 seminorm. As expected, both the polygonal FEM
and the CSFEM converges at near optimal rate. It is noted that a very high order
numerical integration scheme (i.e. 768 integration points) is employed in case of the
conventional polygonal FEM, whilst ‘only’ one integration point per subcell is employed
for the CSFEM.
Figure 10: Representative polyhedra discretization of a unit cube.
5.4. Three-dimensional cantilever beam under shear end load
In this example, consider a three-dimensional cantilever beam under shear load at
the free end. Figure 12(a) presents the schematic view of the problem and a repre-
sentative polyhedral discretization of the domain. The domain Ω for this problem is
[−1, 1]× [−1, 1]× [0, L]. The material is assumed to be isotropic with Young’s modulus,
E = 1 N/m2 and Poisson’s ratio ν = 0.3. The beam is subjected to a shear force F at
z = 0 and at any cross section of the beam, we have:
b∫
−a
b∫
−a
σyz dxdy = F,
b∫
−a
b∫
−a
σzzy dxdy = Fz. (25)
The Cauchy stress field is given by [46]:
σxx(x, y, z) = σxy(x, y, z) = σyy(x, y, z) = 0; σzz(x, y, z) =
F
I
yz;
σxz(x, y, z) =
2a2νF
π2I(1 + ν)
∞∑
n=0
(−1)n
n2
sin
(nπx
a
) sinh (npiy
a
)
cosh
(
npib
a
)
σyz(x, y, z) =
(b2 − y2)F
2I
+
νF
I(1 + ν)
[
3x2 − a2
6
− 2a
2
π2
∞∑
n=1
(−1)n
n2
cos
(nπx
a
) cosh (npiy
a
)
cosh
(
npib
a
)
]
.
(26)
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Figure 11: Convergence results for the unit cube with polyhedral discretization solved using CSFEM
and PFEM. The optimal convergence rates in both the L2 norm and the H1 semi-norm can be seen.
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Figure 12: Three-dimensional cantilever beam problem: (a) Geometry and boundary conditions and
(b) representative polyhedral mesh used in this study.
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The corresponding displacement field [47]:
u(x, y, z) = −νF
EI
xyz;
v(x, y, z) =
F
EI
[
ν(x2 − y2)z
2
− z
3
6
]
;
w(x, y, z) =
F
EI
[
y(νx2 + z2)
2
+
νy3
6
+ (1 + ν)
(
b2y − y
3
3
)
− νa
2y
3
−
4νa3
π3
∞∑
n=1
(−1)n
n3
cos
(nπx
a
) sinh (npiy
a
)
cosh
(
npib
a
)
]
.
(27)
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Figure 13: Convergence results for the three-dimensional cantilever beam problem.
where E is the Young’s modulus, ν Poisson’s ratio and I = 4ab3/3 is the second
moment of area about the x-axis. The length of the beam is assumed to be L = 5 m and
the shear load is taken as F = 1 N. Analytical displacements given by Equation (27)
are applied on the beam face at z = L and the beam is loaded in shear on its face at
z = 0. All other faces are assumed to be traction free. Figure 13 shows the relative
error in the L2 norm and H1 seminorm with mesh refinement. It can be seen that both
the methods converges optimally.
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6. Conclusion
In this work, the CSFEM for two- and three-dimensional linear elastostatic problems
is implemented within the commercial finite element software Abaqus. The implemen-
tation was based on the user element subroutine feature of Abaqus. The work focused
on the main procedures to interact with Abaqus, the structure of the input file and the
user element subroutine to compute the smoothed strain-displacement matrix and the
corresponding smoothed stiffness matrix.
The implementation is validated by solving a few benchmark problems in linear
elasticity. The UEL implementation has demonstrated the convergence rates and the
accuracy levels of the CSFEM as reported in the literature. Although, the paper dis-
cusses the results obtained using the CSFEM over polygons in two dimensions and
polyhedra (with lateral faces as quadrilateral) in three dimensions, it is noted that the
implementation can handle arbitrary polyhedra (in three dimensions), hybrid meshes,
i.e., discretizations involving triangles/quadrilaterals/polygonal and tetrahedral/hex-
hedral/polyhedral elements in two and three dimensions, respectively.
The developed routines are in the open-source and can be downloaded from
https://github.com/nsundar/SFEM in Abaqus.
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